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Introduction to Machine Learning

Solutions to Question Sheet on Inference Problems, Regression and
Classification

Straightforward questions are marked †
Hard questions are marked ∗

Introductory Inference Problems

1. Maximum likelihood fitting of a Gaussian

(a) Explain the terms likelihood function, prior probability distribution, and
posterior probability distribution, in the context of the inference of pa-
rameters θ from data D.

(b) A random variable x is believed to have a probability distribution which
is Gaussian with mean µ and standard deviation equal to 1,

p(x|µ) =
1√
2π

exp

(
−1

2
(x− µ)2

)
.

A sample of N = 32 data points is collected {xn}Nn=1 that are believed
to be drawn independently from this distribution. The dataset is shown
below:
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The first and second moments of these data are 1
N

∑N
n=1 xn = 1 and

1
N

∑N
n=1 x

2
n = 1.3.

Sketch the likelihood as a function of µ for the dataset. Label the position
of the maximum and its width. You do not need to compute the value of
the likelihood at its maximum.
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2. Inference in a Gaussian model

A noisy depth sensor measures the distance to an object an unknown dis-
tance d metres away. The depth can be assumed, a priori, to be distributed
according to a standard Gaussian distribution p(d) = N (d; 0, 1). The depth
sensor returns y a noisy measurement of the depth, that is also assumed to be
Gaussian p(y|d, σ2

y) = N (y; d, σ2
y).

(a) Compute the posterior distribution over the depth given the observation,
p(d|y, σ2

y).

(b) What happens to the posterior distribution as the measurement noise
becomes very large σ2

y →∞? Comment on this result.

The formula for the probability density of a Gaussian distribution of mean µ
and variance σ2 is given by

N (x;µ, σ2) =
1√

2πσ2
exp

(
− 1

2σ2
(x− µ)2

)
.
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3. Bayesian inference for a biased coin∗

A sequence of coin tosses are observed from a biased coin x1:N = {0, 1, 1, 0, 1, 1, 1, 1, 0}
where xn = 1 indicates flip n was a head and xn = 0 indicates that it was
tails. An experimenter would like to estimate the coin’s probability of landing
heads, ρ, from these data.

The experimenter assumes that the coin flips are drawn independently from a
Bernoulli distribution p(xn|ρ) = ρxn(1 − ρ)1−xn and uses a prior distribution
of the form

p(ρ|n0, N0) =
1

Z(n0, N0)
ρn0(1− ρ)N0−n0 .

Here n0 and N0 are parameters set by the experimenter to encapsulate their
prior beliefs. Z(n0, N0) returns the normalising constant of the distribution as
a function of the parameters, n0 and N0.

(a) Compute the posterior distribution over the bias p(ρ|x1:N , n0, N0).

(b) Compute the maximum a posteriori (MAP) estimate for the bias.

(c) Provide an intuitive interpretation for the parameters of the prior distri-
bution, n0 and N0. For what setting of n0 and N0 does the MAP estimate
become equal to the maximum-likelihood estimate?
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Regression

4. Probabilistic models for regression∗

A machine learner observes two separate regression datasets comprising scalar
inputs and outputs {xn, yn}Nn=1 shown below.
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(a) Suggest a suitable regression model, p(yn|xn) for the dataset A. Indi-
cate sensible settings for the parameters in your proposed model where
possible. Explain your modelling choices.

(b) Suggest a suitable regression model, p(yn|xn) for the dataset B. Indi-
cate sensible settings for the parameters in your proposed model where
possible. Explain your modelling choices.
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5. Maximum-likelihood learning for a simple regression model

Consider a regression problem where the data comprise N scalar inputs and
outputs, D = {(x1, y1), . . . , (xN , yN)}, and the goal is to predict y from x.

Assume a very simple linear model, yn = axn + εn, where the noise εn is
Gaussian with zero mean and variance 1.

(a) Provide an expression for the log-likelihood of the parameter a.

(b) Compute the maximum likelihood estimate for a.
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6. Maximum-likelihood learning for multi-output regression∗

A data-scientist has collected a regression dataset comprising N scalar inputs
({xn}Nn=1) and N scalar outputs ({yn}Nn=1). Their goal is to predict y from x
and they have assumed a very simple linear model, yn = axn + εn.

The data-scientist also has access to a second set of outputs ({zn}Nn=1) that
are well described by the model zn = xn + ε′n.

The noise variables εn and ε′n are known to be zero mean correlated Gaussian
variables

p

([
εn
ε′n

])
= N

([
εn
ε′n

]
;0,Σ

)
where Σ−1 =

[
1 0.5

0.5 1

]
.

(a) Provide an expression for the log-likelihood of the parameter a.

(b) Compute the maximum likelihood estimate for a.

(c) Do the additional outputs {zn}Nn=1 provide useful additional information
for estimating a? Explain your reasoning.

The formula for the probability density of a multivariate Gaussian distribution
of mean µ and covariance Σ is given by

N (x;µ,Σ) =
1√

det(2πΣ)
exp

(
−1

2
(x− µ)>Σ−1(x− µ)

)
.
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7. Bayesian linear regression.

A single data point {x, y} is fit using Bayesian linear regression. The output y
is assumed to be generated from the input x according to a linear relationship
that is corrupted by Gaussian noise y = mx + c + ε. The noise ε is mean 0
and variance 1 so p(y|m, c, x) = N (y;mx + c, 1). Gaussian priors are placed
on the slope m and intercept c with zero mean and unit variance, that is
p(m) = N (m; 0, 1) and p(c) = N (c; 0, 1).
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(a) Compute the posterior probability of the slope and intercept given the
data point, that is p(m, c|x, y).
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(b) Show that the posterior derived in part a is consistent with the expressions
for Bayesian linear regression given in lectures.
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(c) Compute the posterior in the following three cases and provide explana-
tions for why the posteriors take the form that they do.

i. x = 0 and y = 0

ii. x = 1 and y = 0

iii. x = 100 and y = 100
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You might like to compute the predictive mean for these three cases
i.e. the mean of p(y∗|x∗, x, y) where x∗ is the location of a new test input
and y∗ is the corresponding output.
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Classification

8. Logistic Classification

Bob has the dataset shown below.
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Bob trains the following binary logistic classification model on the dataset.

p(yn = 1|xn,w) =
1

1 + exp(−w1x− w0)

(a) Will any setting of w0 and w1 result in a good model for these data?

As we move from right to left across the input space the data initially
belong to class 1, then class 0, then class 1 again and finally back to class
0.

Let’s contrast this behviour to the model. The linear logistic classification
model applies a logistic function to f(x) = −w1x − w0. This function
f(x) is a straight line with w0 determining the shift of the function and
w1 the gradient. Therefore f(x) that either increases left to right, right
to left, or is flat. The logistic function itself is monotonic and therefore,
as a result, the model can only capture 1D datasets that start with one
class and end with another as we traverse across the input space.

(b) If not, how could the model be extended to better handle the data?

One way to improve the model is to use non-linear features derived from
x i.e. basis functions. A sensible approach would be to use Gaussian basis
functions with positions across the input space. A different option, that
you will see in courses, is to use a single hidden layer neural network.
This can have non-linear decision boundaries, which in the current case
can handle multiple regions on the space associated to each label.

14



9. Multi-class Classification

Consider a multi-class classification problem with K classes. The training
labels are represented by K dimensional vectors tn which has a single element
set to 1, indicating the class membership, and all other values are set to 0.
The inputs are multi-dimensional vectors xn. The goal is to use a training set
of input vectors and output labels {xn, tn}Nn=1 to enable prediction at unseen
input locations.

A friend suggests using a a soft-max function for this purpose which is param-
eterised by weights W = {wk}Kk=1. The output of the function is a vector, y,
with elements given by

yi(x;W) =
exp(wT

i x)∑K
k=1 exp(wT

kx)
.

(a) What happens to the softmax function as the magnitude of the weights
tends to infinity?

(b) Interpretting the output of the softmax as yi = p(ti = 1|W,x) write down
a cost-function for training this network based on the log-probability of
the training data given the weights W and inputs {xn}Nn=1.

(c) What is the relationship between this network and logistic regression?

15



16



Richard E. Turner

17


